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Abstract. We study space-time non-commutativity applied to the hydrogen atom via the 
Seiberg-Witten map and its phenomenological effects. We find that it modifies the Coulomb 
potential in the Hamiltonian and add an r
-3
 part. By calculating the energies from Dirac equation 
using perturbation theory, we study the modifications to the hydrogen spectrum. We find that it 
removes the degeneracy with respect to the total angular momentum quantum number and acts 
like a Lamb shift. Comparing the results with experimental values from spectroscopy, we get a 
new bound for the space-time non-commutative parameter. 
Keywords: Space-time non-commutativity; Hydrogen atom; Lamb shift. 
PACS: 02.40.Gh; 03.65.-w; 07.57.-c 
INTRODUCTION 
The idea of taking non-commutative space-time coordinates is not new as it dates 
from the thirties of last century. It had as objective to regulate the divergences of 
quantum field theory by introducing an effective cut-off coming from a non-
commutative structure of space-time at small length scales. Then, it was abandoned 
because of problems caused by the violation of unitarity and causality, but the 
mathematical development of the theory continued and especially after the work of 
Connes in the eighties of the same century [1]. 
In 1999 and during their work on string theory, Seiberg and Witten showed that 
the dynamics of the endpoints of an open string on a D-brane in the presence of a 
magnetic back-ground field is described by a theory of Yang-Mills on a non-
commutative space-time [2]; this has renewed interest in the theory. Recently, there 
are many works on Lorentz invariant interpretation of the theory [3-5]. 
The theory is a distortion of space-time where the coordinates x
µ
 become 
Hermitian operators and thus do not commute: 
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θµν is the deformation parameter and nc indices denote non-commutative coordinates. 
The C
µν
 are dimensionless parameters and Λ is the energy scale where the non-
commutative effects will be relevant. The non-commutative parameter θµν is an anti-
symmetric real matrix and ordinary space-time is obtained by making the limit 0  . 
For a review, one can see reference [6] and a well-documented review on bounds of 
the non-commutative parameter can be found in reference [7]. 
In this paper, we are interested in the phenomenological consequences of space-
time non-commutativity. We focus on the hydrogen atom because it is a simple and a 
well-studied quantum system and so it can be taken as an excellent test for non-
commutative signatures. The space-space case was studied in the non-relativistic case 
in [8] and [9], while relativistic treatment was done in [10]. For the space-time case, 
only the non-relativistic theory was studied in both [10] and [11]. Here we work on the 
space-time case in relativistic theory. We start by computing the corrections to the 
Dirac energies, then we study the effect on transitions energies and finally we 
comparing with experimental results from hydrogen spectroscopy. 
HYDROGEN ATOM IN SPACE-TIME NON-COMMUTATIVITY 
To build the non-commutative image of a commutative theory, it suffices to use 
the Seiberg-Witten map whose main ingredient is the star product [2]: 
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Here, we restrict ourselves to the 1st order in the deformation parameter because of its 
smallness [7]. For the U(1) gauge theory one take the action defined by: 
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where the noncommutative fields’ strengths come from the relations: 
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and write noncommutative fields as a series expansion according to powers of θ. 
By solving the equations of the Seiberg-Witten map to the 1st order in the 
deformation parameter, one can found: 
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Where A and F are the usual fields of the ordinary U(1) theory (for details, one can see 
[9] for example). 
Applying this procedure to the Coulomb potential when non-commutativity is 
between time and space coordinates, we get (in natural units ħ=c=4πε0=1): 
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The j indices correspond to spatial coordinates while 0 indicates time and we have 
used the vectorial notation 01 02 03 1 2 3( , , ( , ,) )        . 
Non-Commutative Corrections of Dirac Energies 
To compute the corrections induced by non-commutativity to relativistic energies, 
we write the ordinary Dirac equation but with the deformed Coulomb potential (6): 
 
  0 0 ( )0nci H p m eA           (7) 
 
and we handle the additional term proportional to θ, with perturbation method; so the 
corrections to eigenvalues or ordinary Dirac energies are given by the mean values: 
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We work in spherical coordinates and make the choice 0r r r  (it is identical 
to that made in [12] and [13]), so we get: 
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The mean value is computed using the Eigen functions of Dirac equation for the usual 
Coulomb potential. It is not difficult to do this using the solutions of the relativistic 
equation (see [14] for example), or we can directly use recurrence relations from [15]: 
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In this expression, α is the fine structure constant, ϵ =E/m and κ=j+1/2 if j=l−1/2 or 
κ=−(j+1/2) if j=l+1/2. E represents the habitual Dirac energy for the Hydrogen atom. 
We see that through κ, the energy depends not only on the value of j but also on 
the manner to get this value (or on l), unlike the usual Dirac energies which are the 
same for all the possible ways to obtain j. It implies that the non-commutativity 
removes the degeneracy j=l+1/2=(l+1)−1/2 in H-atom (states like nP3/2 and nD3/2 for 
example); we say here that non-commutativity has an effect similar to the Lamb shift. 
 
TABLE 1. Non-Commutative corrections to the levels n=1,2,3 of H-atom (θ is in eV−2) 
Level N.C Correction (eV) Level N.C Correction (eV) Level N.C Correction (eV) 
1S1/2 −2.074×10
11
 θ 2P1/2 −1.438×10
5
 θ 3P3/2 3.409×10
4
 θ 
2S1/2 −2.593×10
10
 θ 2P3/2 1.151×10
5
 θ 3D3/2 6.8179×10
3
 θ 
3S1/2 −7.683×10
9
 θ 3P1/2 −5.682×10
4
 θ 3D5/2 6.8177×10
3
 θ 
 
To put the corrections to the Lamb shift in a more visible and general form, we 
write the expressions by using the development in series with respect to α2 and we will 
stop at the first non-vanishing order, because the next term will be 10−
5
 smaller 
(α2=5·10−5): 
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Note that this approximated relation is divergent only for j=1/2 and we have to use 
the exact expressions from (9) and (10) for this case because it gives us a finite result 
as one can see in TABLE 1 (the Kramer’s relation <r-n> in the non-relativistic case are 
also divergent for l=0 for all values n>2). 
We can get a limit for θ by comparing these shifts to experimental results from 
Hydrogen spectroscopy. We take as an example the transition 2P1/2→ 2S1/2 (the 28cm 
line or Lyman-α). From TABLE 1, we have (θ is in eV−2): 
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We compare this result to the current experimental accuracy 2.4 kHz from [16] 
and find the bound θst<(90 GeV)
−2. This new limit is better than those obtained in both 
[9] and [11]. We can use the 2S→1S transition and get a better value because the 
frequency of this transition has the most accurate experimental precision (S states have 
a large natural lifetime and because of that, their spectral lines are narrow and so the 
precision is better). The accuracy for this transition is 34 Hz from [17] and the limit 
obtained is with this value is θst<(2.0 TeV)
−2. 
 
 
FIGURE 1. Relativistic corrections from space-time case of non-commutativity to n=2 level of H-atom 
in (b) are compared to the usual relativistic shift coming from habitual Dirac theory in (a). 
(The unit of the parameter θ is eV−2) 
CONCLUSION 
In this work, we have studied space-time non-commutative hydrogen atom and 
induced phenomenological effects. We found that applying space-time non-
commutativity to the electron in the hydrogen atom modifies the Coulomb potential so 
we get an additional term proportional to r
−3
. By computing the corrections induced by 
this additional term to the Dirac theory of H-atom, we found that space-time non-
commutativity removes the degeneracy of the Dirac energies with respect to the total 
angular momentum quantum number j=l+1/2=(l+1)−1/2, and the new energies are 
labeled Enjl . 
By similarity, we have concluded that the non-commutativity has an effect similar 
to that of the Lamb Shift. This is explained by the fact that Lamb correction can be 
interpreted as a shift of r due to interactions of the bound electron with the fluctuating 
vacuum electric field [18] and non-commutativity is also a shift of r as one can see 
from (6) (another formulation of non-commutativity in a shift of r called the Bopp's 
shift [19]). 
By comparing the corrections found here to experimental results from high 
precision hydrogen spectroscopy, we get a new bound for the parameter of non-
commutativity around (2.0 TeV)−
2
; this limit is an improvement of precedent bounds. 
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